It is widely believed and in part established that exact global symmetries are inconsistent with quantum gravity. One then expects that approximate global symmetries can be quantitatively constrained by quantum gravity or swampland arguments. We provide such a bound for an important class of global symmetries: Those arising from a gauged U (1) with the vector made massive via a Nambu-Goldstone mode. The latter is an axion which necessarily couples to instantons, and their action can be constrained, using both the electric and magnetic version of the axionic weak gravity conjecture, in terms of the cutoff of the theory. As a result, instanton-induced symmetry breaking operators with a suppression factor not smaller than exp(−M 2 P /Λ 2 ) are present, where Λ is a cutoff of the 4d effective theory. We provide a general argument and clarify the meaning of Λ. Simple 4d and 5d models are presented to illustrate this, and we recall that this is the standard way in which things work out in string compactifications with brane instantons. We discuss the relation of our constraint to bounds that can be derived from wormholes or gravitational instantons and to those motivated by black-hole effects at finite temperature. Finally, we discuss potential loopholes to our arguments.
Introduction
It is common lore that a quantum field theory, if consistently embedded in quantum gravity, will not possess exact global symmetries [1] [2] [3] [4] [5] [6] . The standard argument invokes black hole evaporation, in which the global charge hidden behind the horizon simply disappears (see however [7, 8] for a discussion of subtleties related to topological charges). But it is not straightforward to translate this to a quantitative statement about symmetry-breaking operators in the low-energy effective theory. We attempt to address this question in an important class of models: Those possessing a linearly realized, approximate global symmetry which derives from a U (1) gauge theory.
Of course, the size of coefficients of global-symmetry-violating operators has been discussed for a long time on the basis of wormholes or, more generally, gravitational instantons [9] [10] [11] . Moreover, in the case of a spontaneously broken global U (1), an axion exists. Symmetry breaking is then encoded in the instanton-induced axion potential, which is constrained using the axionic version of the Weak Gravity Conjecture (WGC) [12] (for recent work in this direction see e.g. [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] ). By contrast, our focus here is on linearly realized global symmetries, which can e.g. be used to protect some type of particle number in the low-energy effective field theory (EFT). In specific cases, relevant constraints deriving from the Weak Gravity Conjecture have recently been given in [28, 29] . Additionally, a general bound, independent of the WGC but rather motivated by black hole effects in a thermal plasma, has been conjectured in [29] . Since it is likely that gauge symmetries are also constrained by swampland arguments, e.g. the total rank of the gauge group, and our interest here is in global symmetries, we here adopt the terminology Swampland Global Symmetry Conjecture for our statements and bounds, but we will argue that the precise formulation and underpinning of the conjecture is yet to be determined. We will make a corresponding suggestion.
Our main technical result goes beyond previous work as follows: First, we claim that given the WGC our constraint can actually be derived. Second, while not completely general, it addresses a very large class of constructions which play a central role in model building in general and in particular in string compactifications [30] . The models we want to consider have an underlying gauged U (1) symmetry. If this U (1) is non-linearly realized, the vector and the Nambu-Goldstone boson or axion are removed from the spectrum. (Here we are interested in the case where the vector mass is not parametrically below the cutoff of the theory, so we are not considering the limit of small U (1) gauge coupling, and the connection with the physics of light vector states with Stückelberg masses [31, 32] , or anomalies [33] . The axion may be a fundamental periodic scalar or the phase of a complex Higgs, though the latter case may be less interesting as we explain below.) Importantly if some of the originally U (1)-charged particles survive in the low-energy effective theory, they will transform under a global U (1). The latter is linearly realized, in spite of the fact that the high-scale gauge U (1) is removed. The reason is simply that the axion is not part of the low-energy theory. Now, crucially, the axion should couple to some form of instantons -this is required by the completeness hypothesis [34, 5] . The WGC further constrains their action [12] and, in its magnetic form for axions [35] , 1 provides a relation to the UV cutoff of the 4d effective theory. Moreover, as will be argued in full generality below, these instantons necessarily induce EFT operators which violate the global U (1). This leads to the desired quantitative bound.
As an interesting fact we note that, while very different in their motivation and range of applicability, all of the above bounds on symmetry-violating operator coefficients have the parametric form exp(−M 2 P /Λ 2 ). In all cases, from wormholes to instantons to black holes in a thermal plasma, one may argue that the technical origin of this is the same: The exponent is simply the Einstein-Hilbert action of some localized object, with d 4 x R replaced by 1/Λ 2 , where Λ is the UV cutoff.
Finally, we note (and will discuss in more detail below) that the above parametric similarity suggests a simplicity which might be misleading. First, it is essential whether just one or all symmetry-violating operators must respect the parametric bound above. Second, it may be that different types of approximate global symmetries (to be specified momentarily) call for different bounds.
The rest of the paper is organized as follows. In Sect. 2, we review our main idea based on the WGC for axions gauged under a U (1) symmetry and instanton-induced operators, which are symmetry-violating and suppressed by a factor of exp(−M 2 P /Λ 2 ). Section 3 demonstrates this in simple 4d and 5d toy models involving, respectively, fermions and gauge instantons, and a purely bosonic 5d theory compactified to 4d. We discuss some explicit quantum gravity realizations of our bound in Sect. 4, including wormholes and the Euclidean brane instantons of string models. We also comment on recent arguments based on black hole effects in a thermal plasma. Limitations of our approach, in particular a possible loophole related to the numerical coefficient in the exponent, are discussed in Sect. 5. Moreover, assuming that this loophole can be closed or at least its impact limited, we discuss how our results may combine in a general Swampland Global Symmetry Conjecture. We conclude in Sect. 6.
Basic argument 2.1 Definitions and classification
Let us start by defining some basic terminology, without any claim to novelty or originality: We will say that an EFT possesses an approximate global symmetry if among all possible processes, P ({i} → {j}), allowed by all spacetime and gauge conservation laws there is a subset P gsv with rates that are parametrically smaller, and that this subset is distinguished by the violation of an otherwise conserved additive or multiplicative quantum number. 2 Here {i}, {j} label the set of all possible multi-particle initial and final states of the EFT degrees of freedom. Note that it is important that all rates associated with the violation of the relevant additive or multiplicative quantum number are small, for there can be circumstances where individual processes in a theory can be small without there being a good notion of an approximate global symmetry. (Alternatively, for theories such as conformal field theories which do not have a well-defined notion of particle, we can consider all possible correlation functions of the theory and apply a similar definition.) In addition we emphasize that the gauge conservation laws may not be associated to long-range massless gauge bosons, as the theory could, and in general will, possess discrete gauge symmetries, either Abelian or non-Abelian which will restrict the allowed processes [36] [37] [38] [39] [40] . These discrete gauge symmetries can be distinguished from exact global symmetries by long-range Aharonov-Bohm-type scattering experiments.
Moreover, the global symmetries that are of interest to us in this work are associated with, in the continuous case, conventional Noether currents, and, more generally, group action operators faithfully realizing a continuous or discrete group that satisfy certain locality properties. Such global symmetries are "splittable" in the terminology of the AdS/CFT proof of Harlow and Ooguri [6] . Of course, in the approximate global symmetry case the unitary operators enacting the would-be symmetry only approximately commute with the Hamiltonian of the theory and, if we are concerned with a continuous global symmetry, the Noether currents are only approximately conserved.
Corresponding to this definition the operators in an EFT action describing a theory with an approximate global symmetry may be divided into two disjoint classes: the singlets and the non-singlets with respect to the would-be global group action. Moreover, the nonsinglets should either be irrelevant in the Wilsonian sense or have "small" coefficients (we will later refine the meaning of "small" and define a notion of a high-quality approximate global symmetry).
There are different reasons why an EFT might possess an approximate global symmetry. For example, approximate global symmetries may be (1) Gauge-derived. With this term we would like to refer to global symmetries following from a non-linearly realized gauge symmetry. Specifically, in the case of a U (1) gauge symmetry Higgsed by an axion both the vector and the pseudoscalar become heavy. Yet, any charged state which for whatever reason remains light will now be subject to an approximate global U (1) where the coefficients of all symmetry-violating terms in the EFT a 4d U (1) gauge theory with two types of bosons of charge, say, ±1 and ±11. Then the leading gaugeinvariant operator that connects the two types of matter in a way that violates the individual (particleantiparticle) numbers N 1 and N 11 is φ 11 (φ * 1 ) 11 /Λ 8 + h.c. This leads to, e.g., a ∆N 1 = −11, ∆N 11 = 1, 2 → 10 particle scattering process with cross section parametrically going as σ ∆N (E) ∼ E 14 /Λ 16 , where here we are assuming the center-of-mass scattering energy E Λ is much greater than the masses of both φ 1 and φ 11 . On the other hand there are ∆N 1 = ∆N 11 = 0, 2 → 10, particle scattering processes starting with exactly the same initial states which have rates not smaller than σ 2→10 ∼ α 10 /E 2 , where α is the U (1) fine structure constant. Thus for E α 5/8 Λ the rate of otherwise similar ∆N = 0 and ∆N = 0 processes is parametrically different. In addition there are many ∆N 1 = ∆N 11 = 0, 2 → k (k < 10) processes with cross sections σ 2→k (E) σ ∆N (E), so ∆N 1,11 violation is slow. The issue of almost global symmetries appearing in the EFT due to large ratios of the gauge charges of the light states will be discussed further below. are small. We will further explore the physics of such gauge-derived global symmetries as this case will be the main focus of our work.
(2) Accidental. Here, spacetime and gauge symmetries, continuous or discrete, forbid all relevant and marginal symmetry-violating operators constructed out of the light field content of the EFT. 3 An interesting WGC-derived bound on how high the mass-dimension of excluded operators can become in simple models has recently appeared in [29] (though it has also been noted that this can be avoided at the price of larger field content). Moreover, in, e.g., the gauged Z N case the power of this idea clearly grows with N . This N , however, may be constrained using black-hole arguments [41] [42] [43] 29] .
(3) Fine-tuned. By this we mean that the coefficients of all relevant and marginal operators that transform under the would-be global symmetry are "small" by a landscape-type tuning. This option is limited in cases where, as expected in string theory, the landscape of EFTs with cutoff Λ is finite [44, 45] . One may try to quantify this by arguing how the number of vacua grows with M P /Λ. It is even conceivable that our bound, already advertised in the Abstract and Introduction, is valid for such type-(3) approximate global symmetries for the reason just explained. In this work, however, we will not be concerned with a quantitative analysis of this interesting possibility.
Given these definitions, we can usefully refine the notion of a "small" violation: Suppose one has an EFT with cutoff Λ where all spacetime and gauge symmetries of the system have been identified. Then we define a high-quality approximate global symmetry to be one where the dimensionless coefficients (namely after appropriate powers of the cutoff have been extracted) of all symmetry-violating operators are exponentially small. The Swampland Global Symmetry Conjecture will bound just how high-quality any would-be global symmetry can possibly be, at least in the gauge-derived, type-(1) case.
An important comment concerning 'fine-tuned' or 'type-(3)' global symmetries has to be made: We do not use the word 'tuning' in 't Hooft's sense [46] since, of course, by its very definition the smallness of a coefficient is technically natural if its vanishing implies a global symmetry. Our main point is simply that an approximate symmetry might be present in the low-energy theory without a deep structural reason. Nevertheless, a relation to finetuning in the technical sense of 't Hooft exists. Indeed, in the absence of an underlying gauge symmetry, there may and in general will be irrelevant operators violating the desired approximate symmetry. Thus, while having finitely many operator coefficients small at the irrelevant and marginal level does not need tuning in the low-energy EFT, the full theory will tend to correct those coefficients on the basis of its symmetry-violating UV structure. In this sense, a fine tuning will indeed be needed and the name 'fine-tuned global symmetry' may be suitable in spite of the apparent clash with 't Hooft's nomenclature.
On a more general note, we should emphasize that the whole idea of conjecturing a quantum-gravity-derived minimal size of symmetry-violating effects goes against 't Hooft's technical naturalness. The latter is a concept of QFT in non-dynamical spacetime and assumes that it is possible to arrange things so that the couplings of global-symmetry violating operators renormalize only multiplicatively. We go beyond this by claiming that an unavoidable additive non-perturbative correction to the coefficients of such operators is always present.
Deriving the bound
Our focus will be on type-(1) or gauge-derived global symmetries. To explain our general logic, recall first the gauging of a p-form gauge theory by a (p+1)-form gauge theory (or equivalently the 'Higgsing' of the latter by the former), see e.g. [5] :
In the Higgsed version on the RHS, the charged (p−1)-branes of the p-form theory cease to exist as independent objects for lack of gauge invariance. They can only appear as boundaries of the p-branes charged under A p+1 :
Only this combination is invariant under the gauge symmetry δA p+1 = dχ p , δA p = −χ p of the Higgsed model. (For simplicity, we ignore for now the option of introducing a relative integer factor between dA p and A p+1 on the RHS of (1). We comment on this below.) Applied to our case of a 1-form Higgsed by a 0-form, this implies that instantons can only exist as the origin or endpoint of a worldline of a charged particle (see Fig. 1 ):
Here x * is the location of an instanton and B 1 is the worldline of a light charged particle ending on it. It follows that the usual local (as far as the EFT is concerned) operator induced by the instanton sum also changes:
Here, we for simplicity assumed that our light charged particle is a complex scalar Φ, transforming as δΦ = Φe iχ for δA = dχ and δφ = −χ. Now the instanton action S I is constrained by the WGC as S I M P /f [12] . Furthermore, as also argued in [12] , the WGC in general also has a magnetic version, constraining the cutoff. Specifically in the axionic case and for parametrically small f M P , both this magnetic WGC as well as a black-hole evaporation argument suggest that Λ √ f M P [35] . This gives S I M 2 P /Λ 2 and hence the desired bound of the coefficient α of the globalsymmetry-violating operator in (4):
x 1
worldline instanton
x * Figure 1 : A worldline of a charged particle ending at an instanton at x * . Integrating over instanton positions x * induces a global-charge-violating operator.
To be more precise, the factor exp(iφ) makes the operator on the RHS of (4) gaugeinvariant. But after gauge fixing to φ = 0, which is natural in the low-energy EFT, one is left with an instanton-suppressed global-U (1)-violating operator ∼ α Φ, with the exponentially small coefficient α displayed above. Crucially, independently of any UV details, the WGC constrains the strength of the violation in terms of the cutoff of the 4d theory. We did not make a possible numerical coefficient in the exponent manifest since, as long as we do not make precise what we mean by the cutoff Λ, such a coefficient can always be absorbed in the latter. However, as discussed in more detail in [35] , the present cutoff is associated with the tension of strings (coupling to the 2-form dual to the axion) going to zero. It hence in general represents a much more fundamental breakdown of the EFT than just a finite set of new particle states appearing at some scale. This situation also allows one in principle to make things more quantitative through replacing Λ 2 by the string tension
, where the O(1) coefficient c could now in principle be determined. This would require fixing the electric and magnetic versions of the WGC underlying our derivation exactly. 4 In the EFT, one might want to define the cutoff as Λ = min(m A , Λ A ). Here, m A is the photon mass after Higgsing, m A = g · f (see Sect. 3), and Λ A is the cutoff set by the magnetic weak gravity conjecture, Λ A M P /g [12] for strong U (1)-coupling g and therefore weak magnetic couplingg = 1/g. (At weak coupling g one finds m A Λ A = gM P by the WGC for axions.) One then finds Λ √ T 1 and therefore exp(−M 2 P /Λ 2 ) exp(−M 2 P /T 1 ). The strength of violation claimed in (5), using this more general cutoff Λ, is therefore even weaker than the one we explicitly derived.
Importantly, we expect that if an instanton-induced operator violates the global charge by one unit and is constrained as above, multi-instanton effects of instanton number k 4 Precisely in the present case this is in fact non-trivial: On the one hand, it is not clear which object defines the WGC bound on the instanton side [47] [48] [49] (options include the Giddings-Strominger wormhole [50] or extremal instantons, which however involve a dilaton). On the other hand, the fieldstrength contribution to the tension of a charged string diverges in the IR, making also this side of the conjecture quantitatively more complicated [47] .
will induce operators violating the global symmetry by k units 5 and be constrained to have coefficient above exp(−k M 2 P /Λ 2 ). This structure of coefficients is consistent under renomalization group evolution of the EFT to lower scales. In addition if an operator with charge violation by k units is induced by an instanton, loops will induce all other operators with the same degree of charge violation unless there are secretly further symmetries. 6 If we now assume that the couplings of the theory not involved with the high-quality approximate global symmetry are not exponentially small, loop-suppression is non-exponential, and all operators violating the symmetry must appear with an overall structure of coefficients set by exp(−k M 2 P /Λ 2 ) factors. We have so far only focused on the exponential suppression of symmetry-violating operators. On top of it, there can be polynomial suppression by the cutoff. This is for example the case, when symmetry-violating operators of a field Φ, a SU (N )-singlet, are only loop-induced via coupling to a field ψ, a doublet under SU (N ) and which therefore couples to gauge instantons directly. We expect all operators that are not forbidden by an additional (hidden) global symmetry to be loop-induced. This could for example exclude fermion mass terms, as these are usually protected by an additional global flavor symmetry respected by the 't Hooft vertex 7 . We comment on this further in Sect. 6.
If we introduce an integer coefficient n in the coupling of the two gauge sectors in (1), |dφ + nA 1 | 2 , an unbroken Z n ⊂ U (1) discrete gauge theory remains [36] [37] [38] 5] . This gauge symmetry strongly constrains the allowed operators. Given that the lowest U (1)/Z n -charge can be normalized to 1, we can bound the dimension of the smallest operator that breaks the global U (1)-symmetry to d ≤ n : Φ n e −S I . If there are multiple fields with higher charges, already operators of smaller dimension can respect the Z n gauge symmetry.
Finally, we note that a U (1) global symmetry may be broken, e.g. by a Higgs VEV, to a global discrete symmetry Z n ⊂ U (1). In such cases, our bound (5) will of course apply to the latter.
Simple Models

A four dimensional example
We illustrate the above argument with a simple, explicit example that is UV-complete in 4d. By this we mean that our instantons are conventional gauge instantons, such that no point-like 0-dimensional objects need to be introduced.
As above our two ingredients are a U (1) gauge theory with charged fermions ψ on the one hand and an axion coupled to an SU (N ) gauge theory (and hence to instantons) on the other hand:
We now gauge the axion, which so far only possesses the discrete gauged shift symmetry φ → φ + 2π, under the U (1). Naively, one would simply replace
However, this is inconsistent due to the non-invariance of the last term in S 2 under gauge transformations δφ = χ. As explained in the general case, our gauging requires that charged worldlines end on instantons. In the case at hand, this can be realized by gauging the U (1) charged fermions additionally under SU (N ). 8 The theory is then defined by
We have rewritten the Dirac fermion ψ in terms of a l.h. and a r.h. spinor. Moreover, each of these has been promoted to an SU (N ) fundamental multiplet. For the theory to be free of a mixed U (1)SU (N ) 2 -anomaly, we impose the condition q L −q R = 1 on the U (1)-charges q L and q R of the left-and right-handed fermion. 9 We end up with a consistent theory 10 of fermions charged under U (1) × SU (N ). Below the mass scale of the photon A µ , whose mass is induced by f 2 (Dφ) 2 ⊃ f 2 A 2 , the U (1) appears only as a global symmetry.
The SU (N )-instanton sum induces a 't Hooft operator [55] , involving fermions and suppressed by exp(−S I ) = exp(−8π 2 /g 2 ), as part of the effective Lagrangian. In our case, it reads O = e −S Iψ L ψ R e iφ + h.c.
This operator is of course invariant under the U (1) gauge symmetry thanks to the shift in the axion. However, once we gauge-fix the axion to φ = 0 and remove it from the effective theory, the operator explicitly violates the global U (1) which would have otherwise survived. At a formal level, the above analysis applies equally to the case of a fundamental axion and to an effective axion representing the phase of a complex scalar (which has been integrated out at some higher energy scale). However, the latter case may be less relevant for the following reason: This Higgs, let us say H = h exp(iφ), is available for 8 We anyway expect that, as in the case of the WGC for multiple U (1)'s [13] , there should be light states charged under both gauge groups. 9 Alternatively, we could have multiplied the φGG term by (q L − q R ). 10 U (1)-gravity and U (1) 3 anomalies can be cancelled by further Stückelberg terms (not involving the SU (N )) or by adding extra fermions, charged only under the U (1) (for recent related work see [33] ). In both cases our main points below are not affected. Note that gravitational instantons contributing to the effective action via the φRR-coupling [53, 54] will parametrically give the same result as gauge instantons, see Sect. 4.1.
the construction of operators in the high-scale theory, allowing in particular the operator y Hψ L ψ R to be present. Then no low-energy global U (1) survives in the first place unless we tune y 1. In our present understanding, also more involved Higgs-based models of this type (with more fermions and other Higgs-charge) generically suffer from the same problem: The survival of a global U (1) before non-perturbative effects are included requires tuning. 11 Our instanton-based bound is then less interesting since it at best interferes with the tuning or elaborate model-building for a global U (1).
It appears from the above that a high-quality global symmetry (with exponential suppression of all violating operators) requires a fundamental rather than an effective axion. Let us pause to spell out the difference at energies below the physical Higgs scale and before the axion is gauged by the 1-form U (1) symmetry: Both cases are by definition built on a scalar with gauged discrete shift symmetry Z. In both cases, shifts φ → φ+2π with noninteger are not gauged and hence need not be respected by all terms in the Lagrangian. In the effective case, this simply means that one must suppress all higher-dimension operators violating such shifts by non-integer . This requires additional tools, e.g. tuning or extra symmetries. In the fundamental case, the standard form of the leading-order gauge theory action excludes non-derivative couplings of the axion. Indeed, our axion is viewed as a 0-form potential, the kinetic term is |dφ| 2 , and any further appearance of φ arises only in combination with charged objects. These are the instantons, allowing contributions with φ evaluated at their location, but only at the price of a factor exp(−S I ). A more fundamental reason for why this basic gauge theory structure can not be broken may be given as follows: We declare that a proper gauge theory must allow for both an electric and a magnetic formulation. Hence, an axion is weakly-coupled fundamental only if a dual 2-form description exists in which the instantons (now viewed a 0-dimensional defects enclosed by a quantized 3-form-field-strength integral) have action S I 1. In this dual formulation, local operators providing non-derivative couplings of φ can not be written down.
A purely bosonic five dimensional example
To show that our argument also works in a purely bosonic context, we now sketch a simple 5d toy model which contains some features of the string models quoted in Sect. 4.2.
Consider a U (1) gauge theory on R 4 × S 1 /Z 2 . Let a charged scalar ψ be localized on boundary 1 and, similarly, a scalar χ on boundary 2. In addition, the WGC for the bulk U (1) requires the existence of a charged bulk scalar Φ (see Fig. 2 ). A VEV of χ , χ = ve iθ = 0 , gives a mass m 2 A = g 2 5 v 2 /R to the photon, leaving a global symmetry under which ψ is charged at low energies.
We assume that the couplings of Φ to both χ and ψ allowed by locality and gauge invariance are present. As a result, there are instanton-like processes in which charged ψ-particles disappear from their brane, see length R bulk U (1) theory (with coupling g 5 ) Figure 2 : A 5d toy model with charged scalars confined to the two boundary-branes. In the presence of a χ-VEV, the bulk U (1) gauge symmetry is broken but a global U (1) survives.
R is the action of a Euclidean 0-brane stretched over the interval. Moreover, the coupling of Φ to the gauge field, i E0 A ≡ iφ, gives a factor of exp(iφ). All in all, this gives an effective gauge-invariant operator of the form
We may use the residual gauge symmetry to set φ + θ = 0 , which leaves us with a globalsymmetry-breaking tadpole operator for ψ :
From the 5d version of the WGC we have
where the last estimate uses the perturbativity requirement g 5 1/ √ M 5 . The generous low-energy observer, who is prepared to incorporate a weakly coupled tower of KK modes in his effective 4d description, will nevertheless have to accept that M 5 is an unavoidable cutoff: Λ ∼ M 5 . Then, using R ∼ M 2 4 /M 3 5 , we find
in agreement with our general bound.
Direct quantum gravity and black hole arguments 4.1 Gravitational instantons
Our arguments so far were indirect in that we used quantum gravity to support the WGC and the latter to argue for global symmetry violation. A more direct approach is the inclusion of gravitational instantons in the path integral. Most generally, we here mean contributions (ideally Euclidean solutions) with non-trivial 4d topology, as pioneered in [56, 57] . Among the many possible topological fluctuations (see e.g. [58, 59] ) the gluing of a K3 surface into R 4 might be particularly interesting since its effect on fermions is quite analogous to the 't Hooft vertex discussed earlier [28] . This induces global symmetry violation, with the relevant operator suppressed by exp(−S I ) ∼ exp(−M 2 P /Λ 2 ). The last expression follows simply from the facts that M 2 P multiplies the Einstein action and that the integral over instanton-sizes is dominated by the smallest objects allowed by the cutoff.
A more general and maybe more intuitive way to violate global symmetries through topology change are Euclidean wormholes [50, [9] [10] [11] 4] , which can be interpreted as a pair of gravitational instantons (each corresponding to the emission or absorption of a baby universe). This issue has in particular been recently revived in the context of the violation of global shift symmetries [16, 19, 47, 48, 60, 49] .
The strong point of this approach is the explicitly known solution with S I ∝ M P |n|/f ∝ M 2 P L 2 , where f is the axion decay constant, n the wormhole charge, and L is the minimal radius of the wormhole throat [50] . One finds the suppression factor
Whenever the cutoff Λ is in the allowed region, i.e. Λ √ M P f , the smallest controlled wormhole has L ∼ 1/Λ and saturates the bound of (5) .
The weak point are the problems with the Euclidean path integral for gravity in general, and the deep conceptual issues with the summation over baby universe states in particular (as recently reviewed in [49] ). Nevertheless, the agreement between the old gravitationalinstanton logic and the WGC-based derivation is noteworthy.
String constructions and Euclidean branes
If quantum gravity is defined by string theory, one may appeal to the precise (though not general) arguments against exact global symmetries of [1] . The situation is even better in AdS space: Inconsistency of global symmetries can be proven using properties of the dual CFT [6] . Clearly, it is non-trivial to map this to realistic string (or AdS/CFT derived) models with non-perturbative effects, broken supersymmetry and positive vacuum energy. Nevertheless, explicit constructions of global symmetries (e.g. [61] [62] [63] ) support what was said in Sects. 2 and 3:
For global symmetries arising from gauge symmetries on branes in string compactifications 12 , it has been established that Euclidean D-brane instantons induce symmetry-violating operators [64, 63, 65, 30] 13 . These operators are governed by a coefficient
Here Σ p+1 is the cycle wrapped by the Ep-brane (with tension T p ), R is a typical compactification scale and we have suppressed all numerical coefficients. The last relation involves estimating the decay constant f of a C p+1 -axion coupling to the Ep-brane.
Taking the cutoff Λ to be the KK-scale, m KK ∼ 1/R, we arrive at
We see that in the perturbative regime, g s 1 and l s /R 1 (and p ≤ 5 for purely internal Euclidean branes), the suppression factor is generically much smaller and the violation therefore much stronger than (5) . This is because we typically find Λ √ f M P , that is, the magnetic version of the axionic WGC is not saturated by m KK . Of course, this is not surprising since the 'proper' 4d cutoff is much higher: It can be raised by including a large portion of the theory with KK-modes in the 4d description. We also recall that, in the stringy context, there is a well known smooth transition between brane instantons and the pure gauge-theory instantons we discussed in our earlier toy model.
We close by emphasizing that our generic bound does not become uninteresting just because stringy models have well-understood brane instantons. Indeed, one could try to perfection a global symmetry by considering very special geometries and brane arrangements, hoping to achieve an arbitrarily high quality of the symmetry from the 4d EFT perspective. If our 4d derivation can be established, such attempts would be known a priori to be futile.
Black hole effects in a thermal bath
While black holes are maybe the origin of our conviction that quantum gravity violates global symmetries, it is not obvious how to relate their effect to the desired operator coefficients. A recent suggestion made in [29] is based on a 'local rate bound'. The latter says that in a thermal bath with T Λ the violation rates of a global symmetry should obey
Here, Γ BH and Γ EFT are the charge violation rates induced by thermal black hole fluctuations (dominated by black holes with R BH ∼ Λ) and by local operators explicitly included in the EFT, respectively. A possible conjecture (different from [29] -see below) is then that any EFT coupled to gravity with cutoff Λ and possessing an approximate global symmetry should satisfy (16) . While the motivation of (16) remains mysterious to us, such a conjecture would be intriguing by its simplicity and attractive implications: One easily derives from it a bound of the type α exp(−M 2 P /Λ 2 )
for the coefficient α of the operator which dominates (16) [29] . This is in fact immediately obvious if one considers the thermal black hole abundance ∼ exp(−M BH /T ) ∼ exp(−M BH /Λ) together with the smallest allowed black hole mass M BH ∼ M 2 P R ∼ M 2 P /Λ. Moreover, one may write the action for a black hole propagating for a time τ as
and use this as an estimate of the black hole mass. Then it becomes apparent that the above derivation of (17) fits perfectly in the scheme underlying all bounds discussed in this paper:
In the end, in all cases the number in the exponent is just the factor M 2 P of the Einstein-Hilbert action, with the 1/Λ 2 supplied on dimensional grounds. One way or the other, one appears to rely on a topology fluctuation of size 1/Λ. In the WGC-version, this is hidden in the WGC bound on instantons, but it is secretly still present in that wormholes saturate that bound.
Unfortunately, things are not that simple and the conjecture proposed in [29] is in fact much weaker. In our interpretation, it says that in any EFT with cutoff Λ 1 it should be possible to raise the cutoff to a scale Λ 2 ≥ Λ 1 such that (16) holds. One reason for this is the existence of clockwork-style N -field gauge theories in which all operators up to mass dimension ∼ e N respect a certain global U (1). Given a species-bound-motivated cutoff Λ ∼ M P / √ N , it is clear that the symmetry-violation rates scale as exp[− exp(M 2 P /Λ 2 ) ln(Λ)], such that the local rate bound can be violated. One way out is to accept that one may have to raise the cutoff, such that the full lattice [47] of charged states comes into play. Then symmetry-violating operators of lower mass-dimension become accessible and the rate bound is respected. Another option would be to conjecture that the required clockworkstyle [68, 69] models will not be found in the landscape. Crucially, a conjecture for which one may need to raise the cutoff has limited use for the low-energy observer. It may also be possible to break it by adding a sector with light strings at some scale between Λ 1 and Λ 2 , which formally stops one from raising the 4d cutoff.
Synthesis of results
Comments and a possible loophole
Of the three types of approximate global symmetries we discussed (gauge-derived, accidental and fine-tuned), our focus was on the first case. Here, we provided a general argument bounding the exponential suppression of symmetry-violating operators (cf. (5) of Sect. 2) However, we did not address the important issue of non-exponential prefactors. Indeed, a (simplified) generic form of a symmetry-violating operator is
with real numbers C and c as well as an integer k. While we exclude C 1 by demanding that the operator is not fine-tuned, the suppression by hierarchies in scales can be strong. Our ignorance of non-exponential coefficients derives not only from instanton prefactors, but also from the loop effects to which we appeal when claiming that operators with different dimensions and field-content can be loop-generated on the basis of a single instanton-induced operator.
Furthermore, there is a loophole (related to potentially large numerical coefficients in the exponent) whose resolution might come with interesting new insights into the nature of instantons or the Weak Gravity Conjecture : Let us assume that in our underlying U (1) gauge theory (which obeys the completeness hypothesis) all fields with charges q = 1, . . . , k − 1 are heavy, m i ∼ Λ, and only the field Φ k with charge k is light. Then any EFT operator violating the global symmetry must do so by k units. It hence derives from a k-instanton effect and is correspondingly suppressed: Φ k exp(−k S I ). For the observer in the EFT, the global symmetry is much more precise than expected since he cannot know that Φ k is highly charged in the underlying gauge theory. Possibly, this is resolved once one includes gravitational instantons: Since all fields couple to gravity, there will be operators suppressed by the gravitational instanton action exp(−S I ) without any further parameters. Alternatively, it may be impossible to make all the lower-charge fields parametrically heavier than Φ k . This option is interesting since it also works towards inhibiting the method of breaking of the WGC in the low-energy EFT by Higgsing [19, 26] .
We note that such a model is subject to strong consistency constraints if the spectrum is fermionic as in our prime example of Sect. 3: Hierarchies in fermion masses affect the available fermion spectrum that has to cancel U (1)-gravitational and U (1) 3 anomalies [33] . This might further constrain the cutoff of the anomaly-free theory, or, turning the argument around, the fermions that we are allowed to make heavy without the low-energy theory becoming inconsistent.
But maybe the most straightforward way of dealing with this loophole is by insisting that we are in the setting of non-tuned, 'type-(1)' global symmetries: In other words, we have to insist on a symmetry reason for the lightness of Φ k . This requires that Φ k transforms in a non-trivial representation of some group G. If G is identical to our gauged U (1), underlying the global U (1) we are discussing, then Φ 1 is made light by the same argument as Φ k . This is what happens for the chiral fermions of Sect. 3. By contrast, if G is some further gauged or (gauge-derived) global symmetry, then we expect by completeness that a charged field Φ 1 exits. This field should have unit charge under our basic U (1) and transform under G just like Φ k . Then we expect that the symmetry argument keeping Φ k light also applies to Φ 1 . As a result, the low-energy observer would see symmetry breaking effects associated with Φ 1 and suppressed only by exp(−S I ), closing the potential loophole.
Towards formulating a general Swampland Global Symmetry Conjecture
Our argument could be the starting point for a derivation of a Swampland Global Symmetry Conjecture, but there are a number of caveats. To see this, we need to recall our classification of global symmetries in three categories: gauge-derived, accidental, and finetuned. There are now different possible conjectures to be made: First, we could be modest and satisfied with the fact that our constraint applies only to global symmetries of the gauge-derived type.
Second, we could recall that our logic (allowing also for loop effects) in fact suggests that all operators are affected by our constraint: Any operator violating the U (1) charge by n units comes with a prefactor generically not smaller than exp(−nS I ) ∼ exp(−nM 2 P /Λ 2 ). Beating this by a landscape-type tuning is clearly impossible in a finite landscape, so we can conjecture as follows: An EFT where, for any n, all operators violating a global U (1) by n units have coefficient below exp(−nM 2 P /Λ 2 ) is in the swampland. This is very general but also very weak since it can be satisfied by an operator of very high mass dimension.
Third, we could take an operator-focussed approach and declare that accidental global symmetries simply do not count as approximate global symmetries. This is not as unnatural as it seems since, in a model with accidental global symmetry, low-dimension operators violating the symmetry are forbidden by gauge invariance. Thus, if one defines EFTs with an approximate global symmetry as those where the coefficients of symmetry-violating operators are unnaturally small, accidental symmetries are excluded: in these, the missing operators simply do not exist. With this, one may now hope that a stronger conjecture holds for the remaining gauge-derived and fine-tuned symmetries: There exists some Λ 0 such that no EFT with Λ < Λ 0 has any operator violating a global symmetry by n units with coefficient below exp(−nM 2 P /Λ 2 ). Clearly, establishing this requires knowledge about the tuning-power of the landscape and its growth with M P /Λ. 14 Fourth, we could maintain the above form of the conjecture for gauge-derived and tuned symmetries without excluding accidental symmetries from consideration. In this case, we would have to postulate a separate bound for symmetry violation in accidental global symmetries, as suggested in [29] using a simple model and the WGC. Unfortunately, the suggested bound on the maximal mass-dimension up to which all operators can be forbidden may be evaded by clockwork-type EFT constructions. One would then need to hope that the latter are in the swampland.
We also note that a universal statement about global symmetries of all types has been suggested [29] on the basis of a 'local rate bound' in a thermal plasma (see our Sect. 4.3). To avoid the above problem of 'clockworked accidental-symmetries', the authors formulate their conjecture in a fairly weak, UV-sensitive way (the cutoff may need to be raised to see that a certain EFT satisfies the bound). As we just explained, both in the gauge-derived case and possibly more generally, we would like to claim a stronger bound, purely in the low-energy EFT. However, we are also faced with a field-content-related loophole, as we now recall:
One can imagine scenarios in which a particle of charge k under the originally gauged U (1) is light while all the lower-charge particles are heavy. As explained in Sect. 5.1, this light particle can only disappear at the price of a k-instanton effect, suppressed by exp(−kM 2 P /Λ 2 ). Thus, while we gave arguments in Sect. 5.1 for why such a peculiar mass arrangement might be impossible to realise, at least for k 1, our bounds remain conjectures (even taking the WGC for granted).
Conclusion
Let us start by summarizing our fundamental point as presented in Sect. 2: A gauge-derived global U (1) symmetry can arise if a gauged U (1) is Higgsed by an axion. This only requires that some charged particles survive below the Stückelberg mass scale. Now, since the axion unavoidably couples to instantons and the latter, equally unavoidably, violate global U (1) charge, we can quantify the global-symmetry violation in the low-energy EFT. More precisely, the electric and magnetic form of the WGC for axions constrain the instanton action in terms of the cutoff, leading to an upper bound exp(−S I ) ∼ exp(−M 2 P /Λ 2 ) for the relevant dimensionless operator coefficients. Moreover, the cutoff Λ is related to the tension of the string associated with our axion theory.
Our argument could be the nucleus for a derivation of a Swampland Global Symmetry Conjecture, and we demonstrated a number of supporting examples in Sects. 3 and 4, but there are a number of caveats and potential loopholes, as discussed in Sect. 5. We also presented in Sect. 2 a classification of global symmetries in three categories: gauge-derived, accidental, and fine-tuned. It could logically be the case that our bound applies only to gauge-derived global symmetries without the accidental or fine-tuned mechanisms also being operative. However our logic suggests a number of other possibilities for a general Swampland Global Symmetry Conjecture, as we briefly discussed in Sect. 5.2.
There are further interesting questions left open by our analysis. For example, while we presented a purely bosonic toy model realising our bound, the paradigmatic case of gauge instantons appears to always require fermions to break a global U (1). However, it is also expected that gauge instantons can be smoothly deformed to gravitational instantons, such as Euclidean wormholes. Then the fermions would not be needed any more. As a result, one is left wondering how profound the role of fermions in instanton-induced global symmetry violation in the gravitational context really is.
In summary, while we believe to have made progress in developing a Swampland Global Symmetry Conjecture, there are clearly many interesting open issues that remain to be resolved.
